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Data obtained from early times during thk transient period of sedimentation equilibrium experiments are analyzed using 
an approximate solution to the Lamm equation to estimate sJD_ The Cr versus r data obtained at several times during 
approach-to-equilibrium are analyzed using a nonlinear least squares algorithm and Fujita’s approximate solution_ This proce- 
dure was tested using D-Ser13 somatostatin, ribonuclease, and ovalbumin. The results obtained demonstrate that for mono- 
disperse samples s/D may be rapidly and reliably estimated using this method. 

1. Introduction 

Since the advent of the analytical ultracentrifuge 
many improvements in instrumentation, theory, and 
methodology have accumulated. The use of sedimen- 
tation equilibrium has become the standard method 
for estimating the molecular weights of proteins since 
the work of Van Holde and Baldwin [I] describing 
the use of short columns for the rapid attainment of 
equilibrium. For smaller proteins in aqueous solutions, 
sedimentation is reached in only a day. For large, asym- 
metric molecules or for unstable proteins, the time- 
to-equilibrium can be so large as to prohibit the use 
of the sedimentation equilibrium technique. Archibald 
[2] showed that estimates for M, the molecular weight, 
could be obtained during the transient period. The 
Archibald method requires extrapolation of the data 
to the ends of the solution column, and makes little 
llse of data in the center of the solution column. The 
extrapolations required lead to some uncertainty &I 
the final result. 

The exact solution of Archibald to the Lamrn equa- 
tidn for a sector-shaped cell with varying field is rather 
complex and cumbersome [3] _ Yphantis and Waugh 
showed that by simple transposition the equations of 
Mason and Weaver [S] were applicable to ultracentri- 
fugatioti by assuming the solution column to be rect- 
angular and that a urGform field exists. This approxk 

tion appears to be quite good even for 3 cm columns 
[4], and entirely satisfactory for using short col-urcn 
(0.3 cm) data in estimating diffusion constants [1,6]. 
The Mason-Weaver solution contains an infinite series, 
but this series converges rapidly for the conditions 
generally used in low speed equilibrium experiments. 
Fujita [7] obtained an approximate solution which 
retains the correct boundary conditions for sectcr- 
shaped cells. 

This study is concerned with examining the useful- 
ness of using data from the transient period and Fujita”s 
solution to provide estimates of M in only one-tenth of 
the time required to reach sedimentation equilibrium. 

2. Materials and methods 

2.1. NonZinear Zeast squares aZgorithm. 

The algorithm estimates three parameters: s, s/D, 

and Co. The method is based on the algorithm of 
Marquardt (1963) as implemented in the XZSSQ 
routine of the International Mathematical and Statis- 
tical Library [S] . This implementation uses a finite dif- 
ference method for estimation of the required partial 
derivatives [9] _ Convergence was considered attained 
when the residua? sum of squares for two successive 
iterations had a relative difference of less than 2 X 104 
or when the gradient norm was less than 2 X 10-a_ In 
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Table 1 
Molecular weights from approach-tosedimentation equilibrium using a nonlinear least squares fit to Fujita’s approximate solution 

- __~_ 

Sample rotor speed co times O%es a) szo x 10’3 %D),o nfequil b) 

(rpm) (rnz/ml) (s) (s) 
--~ --- -_ - 

D-serX3- 
Somatostatin c) 48000 0.20 660-3450 0.005 0.41 1578 1685 

ribonucleased) 20000 0.32 2827-7950 0.004 1.53 13535 13455 
ribonuclease d) 20000 O-50 1368-5226 0.004 1.43 13772 13390 
ovalbumin d) 13000 0.50 1905-6705 0.009 2.77 46630 44649 
--- __- --- --~- -_.---- 

a) OD,, = (C& (ODexp - 0Dc&2)lin --P))‘~. 
b)iWas calculated from data at sedimentation equilibrium (20°C). 
c) in 0.1 M KC1 10 mM potassium phosphate. pH 7-O. 
‘1 in 0.15 M KC1 20 mM potassium phosphate, pH 7.0. 

most cases, both criteria were met with the final itera- 
tion_ 

The computation of the function as defined by the 
Fujita equation involves computing the sum of an in- 
fate series. Successive terms of the series were summed 
until the next term was less 0.001 of the sum of the 
previous terms. Tests of this method using more restric- 
tive criteria demonstrated that this criterion introduced 
negligible error in the computation of C(T, t)_ 

2-2. Standard proteins and reagents 

Three times recrystallized bocine ribonuclease (code 
R-OG-B) and two times recrystallized ovalbumin (code 
OA-35P709) were purchased from \vorthington Bio- 
chemical Corporation. D-serz3-somatostatin was the 
generous gift of Dr. Jean Rivier. Au salts were reagent 
grade. 

2.3. UZ~acenm~gatioion. 

Data were obtained using a Model E ultracentrifuge 
equipped with electronic speed control and a photo- 
electric scanner. The monochromator was set at 280 
m-n, the monochromator slit at 1 D-2.0 mm, and the 
photomultiplier slit at 0.1 mm. An AN-H rotor with 
a 12 mm Kel-F centerpiece was used with a solution 
column height of 2.8 mm. Fluorocarbon oil FC43 
(Beckman Instruments) was used to provide a visible 
lower meniscus. In calculations, times for the scans of 
C versus r were corrected for lower angular velocities 
during acceleration as previously described [ 13 . In all 
cases, the rotor was accelerated using a 12 amp current 

until the desired speed was reached to ensure correct- 
ness of the times used in the calculations. The value for 
the partial specific volume of riionuclease was taken 
to be 0.695 [lo] _ The value for the partial specific 
volume of ovalbumin was taken to be 0.748 [l 1 J _ 
For D-serl3-somatostatin, the partial specific volume 
was calculated from the amino acid composition [12] _ 
Densities of solvents were calculated assuming additivity 
of components [I3 3 _ All runs were at 20°. 

At equilibrium, the OD28O versus T data were ana- 
lyzed by fitting the entire ln (OD& versus r2 data to 
a parabola in r2 and testing to determine if significant 
curvature existed in the plot. Molecular weights were 
estimated from equilibrium data by using the least 
squares Slope Of the hI (o&SO) VerSUS r2 plot. 

For approach-to-equilibrium scans, ten points of 
oDz80, 7 Were taken for each tie. The points Were 
equally spaced, and covered the central 90-92 per 
cent of the column height. The true solution baseline 
for runs with ribonuclease and ovalbumin was deter- 
mined by overspeeding the rotor at 56 000 for three 
hours, then decelerating to the equilibrium speed, 
where several scans were made to determine the correct 
baseline position_ 

3. Results 

The estimates of M as computed from approach to 
equilibrium data and from equilibrium data are given in 
table 1. The plots of In (oD280) versus r2 at sedimenta- 
tion equilibrium appeared to be linear; the coefficient 
of the (72)2 term was not significantly different @>O.OS) 
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Table 2 
Variation of nfs/D for individual time points 

Time of scan ODres s2ox lo=(s) Ms/D 
____-- 

2827 0.003 1.34 10912 
3750 0.003 I.56 15586 
4730 0.004 1.55 13280 
6030 0.004 1.48 12907 
6990 0.002 1.67 11982 
7950 0.003 1.44 15556 

Mean result = S.D. 1.51*0.11 13370+1891 

from zero for the standard proteins when the data was 
fitted to a parabola in r2. The agreement between 
M(transient) and M(equilibrium) varies between one 
and eight per cent. 

Table 2 examines the question as to how many time 
points are required to reliably estimate M. A single scan 
(ttn ptiS of OD280,T) appears to estimate M with m 

accuracy of about fourteen per cent. Six time points 
appear to estimate M to within about three to five per 
cent of the value obtained at sedimentation equilibrium. 
About thirty pairs OfOD28,,,7(tWO repliCZlte SCXlS) 

were used to estimate M at sedimentation equilibrium. 
The lack of fit of the data to the least-squares C(7, t) 

versus 7 curve (OD,) averages around 0.007 0D280, 
close to the experimental error in the original scans. 

4. Discussion 

Some thirty years a8o Archibald proposed using a 
solution to the Iamm equation to estimate molecular 
weights without waiting for sedimentation equilibrium 
[ 14]_ This study demonstrates the feasibility of his 
su=estion. The use of the approximate solution of 
Fujita rather than Archibald’s exact solution greatly 
shortens the computational time required for the 
algorithm to estimate s/D. Of interest is the observa- 
tion that the estirnates obtained for the parameters 
are substantially in error, being lower than published 
values for ovalbumin [ 151 and lower than that obtained 
for the same sample of ribonuclease using the conven- 
tional sedimentation velocity method (1.80 X lo-l3 s)_ 
In examining Fujita’s approximate solution the param- 
eter 7 (= 2D/(s 027g) OccBis much more frequently 
than the parameter T (= 2sw2t). In addition, the param- 
eter 7 contains the value for the corrected time of cen- 

trifugation. Both these factors may contribute to the 
unreliable estimation of s. 

The principal experimental difficulty with Archibald’s 
method is that (dc/dr), is required. This means that 
(dc/dr) must be extrapolated to its value at the upper 
meniscus. As Fujita 1161 points out, there is “no 
generally accepted guiding principal” available for this 
extrapolation. The method tested in this study uses 
data over the entire length of the cell column, requires 
only c versus 7 data, and involves no extrapolations. 
These considerations suggest that the method discussed 
herein should generally be more reliable than Archibald’s 
method. 
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